A class of integral equations without monotonicity is investigated.
Introduction
In this work, we consider the following integral equation Thieme and Zhao [21] showed that the spreading speed of (1.1) coincides with the minimal wave speed of monotone traveling waves for (1.2) in the case where F (u, s, y) is monotone in u. Note that certain population models may be described by (1.1) with appropriate choices of F (see, e.g., [5, 19] ). Also some reaction-diffusion models in population biology can be rewritten as the form (1.1), and the existence and uniqueness of traveling waves for these reaction-diffusion equations are equivalent to those for (1.2) (see examples in [21, 25] ). The main purpose of this paper is to study the nonexistence, existence and uniqueness (up to translation) of traveling waves for (1.2) in the case where F (u, s, y) is non-monotone in u.
Throughout this paper, a traveling wave solution of (1.2) always refers to a pair (U , c), where U is a bounded, continuous, nonnegative and nonconstant function from R to R such that u(t, z) := U (z +ct) satisfies (1.2). Clearly, U (x) satisfies the following wave profile equation We first recall some existing methods on the existence of traveling waves for non-monotone equations. Wu and Zou [23] and Huang and Zou [13] studied the existence of traveling waves for time-delayed reaction-diffusion equations by the exponential ordering and iteration method. Ou and Wu [17] established the persistence of wavefronts for time-delayed nonlocal reaction-diffusion equations via the perturbation method. But these results are valid only for small delays. Faria, Huang and Wu [9] , also using the perturbation method, obtained the existence of traveling waves with large wave speed for time-delayed nonlocal reaction-diffusion equations. In [15] , Ma employed Schauder's fixed point theorem to prove the existence of traveling waves with speed c > c * for the following time-delayed nonlocal reaction-diffusion equation
u t (t, z) = Du xx (t, z) − g u(t, z) + h u(t, z)
R f u(t − r, y) J (z − y) dy, t 0, z ∈ R. (1.4) However, the nonexistence of traveling waves with speed c < c * was not addressed in [15] . More recently, Hsu and Zhao [12] investigated the spreading speed and traveling waves for the non-monotone integro-difference equation u n+1 (x) = R f u n (y) k(x − y) dy, x ∈ R, n 0.
( 1.5) In particular, they also used Schauder's fixed point theorem to get the existence of traveling waves, but their constructions of convex subset are quite different from those in [15] .
Regarding the uniqueness of traveling wave solutions, Diekmann and Kapper [6] studied the integral equation
u(x) = R g u( y) k(x − y) dy, x ∈ R.
(1.6) They used the powerful Tauberian Ikehara's theorem for Laplace transforms to get the exact asymptotic behavior of monotone wave profiles at −∞, and for non-monotone wave profiles, they provided a nice idea to estimate the asymptotic behavior of wave profiles. Carr and Chamj [3] employed this Tauberian method to study the integro-differential equation u t = J * u − u + f (u), (1.7) where J * u(z) = R J (z − y)u( y) dy, J has compact support and f is monostable. A different approach was developed by Chen and Guo [4] to establish the uniqueness of traveling waves for the lattice equationu j = g(u j+1 ) + g(u j−1 ) − 2g(u j ) + f (u j ), j ∈ Z, (1.8) where g is increasing and f is monostable. They estimated the asymptotic behavior of the wave profile U by analyzing the limit of
U (x) as x → ∞. Ma and Zou [16] used the same idea to prove the uniqueness of traveling waves with speed c > c * for the following time-delayed lattice equation
As discussed in [3] , the key point in these two methods is to estimate the asymptotic behavior of wave profiles at −∞.
The rest of this paper is organized as follows. In Section 2, the spreading speed c * for (1.1), as a complement of [21] , is presented; the nonexistence of traveling waves with speed c < c * for (1.2) is then obtained by the result on spreading speeds; the existence of traveling waves with speed c > c * is established via Schauder's fixed point theorem, and the existence of the traveling wave with speed c * is proved by a limiting argument. In Section 3, the exact asymptotic behavior of wave profiles at −∞ is investigated, and then the uniqueness of traveling waves is proved by similar arguments as in [3, 6] . Finally, these results are applied to some population models.
The existence
Assume that F (u, s, y) is continuous in u ∈ R + and Borel measurable in (s, y) ∈ R + ×R. We further impose the following conditions on F :
(A) There exists a function k :
(A4) For every > 0, there exists some δ > 0 such that
As stated in [21] , assumption (A2) implies that F (0, s, y) = 0, ∀s 0, y ∈ R. Though we do not assume that F is differentiable at u = 0, (A2) and (A4) together imply that k is something like the derivative of F at u = 0. With this in mind, (A2) also states that F is dominated by its linearization at u = 0.
Assumptions (A1) and (A2) imply that
DefineF + as in (2.1) with F = F + . Suppose there exists u * + > 0 such that
In addition, we need the following assumptions on F :
(A5) There exists Λ > 0 such that
(A7) There exists some L > 0 such that
Then we can defineF − similarly. It then follows that F ± are both continuous and nondecreasing in u. 
For F − , it suffices to prove that (A3)-(A6) hold. (A3) is obvious. Let
Since F satisfies (A3)-(A4), it follows that for any > 0, there exist δ > 0 and η > 0 such that 
Note that there exist δ 0 ∈ (0, u * + ], σ > 1 and a > 0 such that
and the function u − au σ is increasing when u is sufficiently small. It then follows that there exist δ 2 ∈ (0, δ 0 ) and δ 3 ∈ (0, δ 2 ) such that for any u ∈ [0, δ 3 ],
(2) Since F and F − satisfy (A1) and (A4), there exists
it follows that such u * and u * − exist. 2
Since F ± are both nondecreasing, the following two equations
admit the comparison principle (see [20, Lemma 3.2] ).
We use the same definitions of K(c, λ) and c * as in [21] . Let 
The following properties of c * and K(c, λ) will be used. 
We say u 0 in (1.1) is admissible if for every c, λ > 0 with K(c, λ) < 1, there exists some γ > 0 such that
We sayF has the property (P) provided that:
Then, by [12, Lemma 2.1] with f =F , we have the following observation.
Lemma 2.2. Either of the following two conditions is sufficient for the property (P) to hold:
The following result complements [21, Proposition 2.4 and Theorem 2.5], which shows that c * is the spreading speed of solutions to (1.1).
Theorem 2.1. Assume that (A1)-(A5) and (B) hold. Let u(t, z) be the unique solution of (1.1). Then the following statements are valid:
(1) For every admissible u 0 , u(t, z) satisfies lim t→∞, |z| ct u(t, z) = 0, ∀c > c * .
(2) Let u 0 : R + × R → R + be a bounded and Borel measurable function with the property that u 0 (t, z)
Proof. Statement (1) is from [21, Theorem 2.1]. For statement (2) , let u + and u − be the solutions of (2.2) and (2.3), respectively. Then the comparison principles of (2.2) and (2.3) imply
Since F ± satisfy (A1)-(A5) and (B), we see from [21, Theorem 2.4 ] that c * is the spreading speed for both equations (2.2) and (2.3), and hence lim t→∞, |z| ct u ± (t, z) = u * ± , ∀c < c * . Thus, we reach the conclusion in (2) . 
where V * , V * and g are defined as follows
It then follows from (2.7) thatF (w)
This, together with the strict monotonicity ofF (2.9) and the property ofF , we have
This completes the proof. 2
Now we are in a position to prove the main result of this section.
Theorem 2.2. Let (A) and (B) hold. Then the following statements are valid:
(1) For any c ∈ (0, c * ), (1.2) has no traveling wave (U , c) with
(2) For any c > c * , (1.2) has a traveling wave (U , c) with U (−∞) = 0; for c = c * and any small number β > 0, (1.2) has a traveling wave (U , c * ) with U (0) = β, U(x) β, ∀x < 0; and all these wave profiles have the following asymptotic behavior at +∞: 
Let T ± be defined as in (2.10) with F replaced by F ± . It then follows that T ± is nondecreasing with respect to the pointwise ordering on C u * + , and that 
In order to apply Schauder's fixed point theorem, we need to construct a nonempty, closed and convex subset in a Banach space and define a compact operator on this subset. For a given λ > 0, let
is a Banach space. Note that for any given λ ∈ (0, λ 1 ), φ ± are elements of X λ . Thus, we can define the set
which is nonempty, closed and convex subset of (2.13) where
is a family of uniformly bounded and equi-continuous functions. Thus, for any given sequence {ψ n } n 1 in T (Y ), there exists a subsequence, still denoted by {ψ n } n 1 , and ψ ∈ C (R, R) such that ψ n (x) → ψ(x) uniformly for x in any compact subset of R. Since φ − ψ n φ + , we have φ − ψ φ + , and hence, ψ ∈ Y . Now it remains to show ψ n → ψ in X λ . Note that ψ n (x)e −λx → ψe −λx uniformly for x in any compact subset of R and lim |x|→∞ |φ + (x) − φ − (x)|e −λx = 0. It then follows that for any > 0, there exist B > 0 and N > 1 such that For c = c * , we use a limiting argument (cf. [1] and [21] ). Choose a sequence {c j } ⊂ (c * , ∞) such that lim j→∞ c j = c * . According to the above arguments, there exists a traveling wave (U j , c j ) of (1.2) and for each j,
Thus, {U j (x)} is an equi-continuous and uniformly bounded sequence of functions on R. By Ascoli's theorem and a nested subsequence argument, it follows that there exists a subsequence of {c j }, still denoted by {c j }, such that U j (x) converges uniformly on every bounded interval, and hence pointwise on R to U * (x). Note that
(2.14)
Letting j → ∞ in (2.14) and using the dominated convergence theorem, we then get 15) and (2) follows from Theorem 2.1(3) and the above arguments. 2
For the case c = c * in Theorem 2.2(2), we may expect that there exists a traveling wave (U , c * ) with U (−∞) = 0. However, we can only show that for any small number β > 0, there exists a wave profile U * such that lim sup x→−∞ U * (x) < β.
The uniqueness
In this section, we study the uniqueness of traveling waves established in Section 2. For any c > c * , let λ 1 (c) be defined as in Proposition 2.1(6), and λ 1 (c * Note that the assumption Λ = 1 will be used only in the proof of Theorem 3.
To prove the uniqueness of traveling waves for (1.2), we need a series of lemmas. 
For the above , it follows from (A4) that there exists δ > 0 such that
Since u(−∞) = 0, there exists N > 1 such that for x −M − N and x 1 < x, there holds 
Note that for any y ∈ R, s 0, we have
It then follows from Fubini's theorem that Observing each traveling wave is bounded, that is, there exists a bound d > 0 such that u(x) < d, x ∈ R, we see that as pe γ 1 x , ∀x 0. Now we claim that for any γ ∈ (0, γ 1 ), u(x) = o(e γ x ) as x → −∞. Indeed, define the iterative scheme u (1) Then we have the following observation. It then follows that
Lemma 3.2. Assume that (H) holds. Then for each c c * , U(c, λ) is analytic for
We first claim that, if the left-hand side of (3.7) is analytic for Re λ ∈ (0, r), r < λ (c), where λ (c) is defined as in assumption (B1), then there exists η > 0 such that the right-hand side of (3.7) is analytic for Re λ ∈ (0, r + η). Indeed, let γ be defined as in Lemma 3.1. Since 
Note that U (c, λ) has a singularity at λ = λ 1 . This is because the right-hand side of (3.7) is identically 0 if U (c, λ 1 ) < +∞, and hence u(c, x) is identically 0 due to the assumption (A2) on F . Now we use a property of Laplace transform [22, p. 58 ]. Since u is positive, there exists a real number B = B(c) such that U (c, λ) is analytic for Re λ ∈ (0, B) and has a singularity at λ = B. Next we show B = λ 1 .
Firstly, B λ 1 . Otherwise, taking λ = λ 1 in (3.7), we know u(c, x) is identically 0, a contradiction. Since the abscissa of convergence of U (c, λ) is different from that of the right-hand side of (3.7), we have that B must be the smallest positive root of the characteristic equation K(c, λ) = 1, and hence B = λ 1 . 2
With the help of the above results, we can estimate the exact asymptotic behavior of wave profiles. Proof. Let λ 2 be defined as in Proposition 2.1. Choose > 0 such that λ 1 (1 + ) < λ 2 and 1 + < σ .
For the remainder R(u)(x) in (3.6), we have the following estimate: 
Now we are ready to prove the main result of this section. 
Then, after propriate translation of u 1 , we have the following properties of w(c, x):
There exists x 0 such that w(c, x 0 ) = max x∈R w(c, x).
Property (1) follows from Lemma 3.3, and the existence of maximum value is implied by property (1). Note that
(3.13)
Using the Lipschitz constant Λ = 1, we then have
(3.14)
One can choose (y, s) ∈ R × R + such that y + cs = 0 and k(s, y) = 0, which, together with inequality (3.14), indicates that w(c, x 0 − n( y + cs)) = w(c, x 0 ), ∀n ∈ N. This implies that w(c, x 0 ) = 0 since w(c, ±∞) = 0. More precisely, we have
Applications
In this section, we apply Theorems 2.1, 2.2 and 3.1 to some nonlocal reaction-diffusion population models, which can be transformed into the form (1.1). Firstly, we investigate a general population model, then give a detailed conclusion on spreading speeds and traveling waves for a specific case. Finally, we present a complement result on uniqueness of traveling waves for an epidemic model.
In literature, the equation for mature members of some age-structured population is described by the reaction-diffusion equation of the following form ∂u ∂t
where
, ∀y ∈ R with τ > 0, (4.1) reduces to the model studied in [21] , which is a generalization of the model derived in [18] (see also [10] ); when g(u) = du, (4.1) reduces to the model investigated in [11, 14] ; when g(u) = βu 2 , (4.1) reduces to the model studied in [7] . However, the spreading speeds and traveling waves for (4.1) are still unsolved in the general case. , z) . Then, by the standard variation of constant formula, (4.1) can be transformed into the following form
By changing the order of the variables of integration, we can simplify (4.2) into the form
For any φ ∈ L 1 (R + × R) with the property that there exists some λ > 0 such that 
We impose the following condition on J :
. In addition, we assume that:
We will impose the following conditions on f and g.
(L3) f : R + → R + is continuous and bounded, g : R + → R + is continuously differentiable and strictly increasing, 
y).
Note that f is bounded and g is strictly increasing. It then follows that there exists M > 0 such that
For the above M, there exists α 0 > 0 such that for any α α 0 ,
M, which implies that there exists u α, *
Then, as in Lemma 2.1, we can define u α, * and u α, * − . Actually, u α, * = u since u is the smallest spatially homogeneous equilibrium. 
Then for any u
. 2 (s, y) holds and that the condition in Proposition 2.1 (7) is satisfied. Thus, c * α is determined by the positive root of the following system
Proof. Note that assumptions (L1)-(L4) imply that the assumption (B) with
and g α (0) = α − g (0), it then follows that system (4.6) is equivalent to
Thus, c * α is independent of α. We further assume that:
(L5) There exists some α > α 1 such that
u is strictly decreasing for u ∈ (0, u α, * + ] andF α has the property (P).
As argued in [21] , the wave profile equation of (4.1) is equivalent to that of the limiting equation of (4.5). By Theorems 2.1, 2.2 and 3.1, as applied to integral equation (4.5), we have the following result. Proof. For the first part of statement (1), we use the comparison principle (cf. [20] ) of the linearized equation of (4.1) at u ≡ 0: The rest parts follow directly from Theorems 2.2 and 3.1. 2
Next we consider the following specific case of (4.1):
where b(u) = pue −qu . For biological interpretations of these parameters, we refer to [18] . We should also mention that the local form of (4.9) (i.e., γ = 0) was studied in [8] .
Choosing α = d, we transform (4.9) into the form of (4.5) with (4.11) and Xu and Zhao [25] studied the spreading speed and monotone traveling waves by transforming it into the integral form (1.2). In particular, the uniqueness of monotone traveling waves was established under the assumption that g is increasing. By the uniqueness theorem developed in Section 3, even without monotonicity of g, we can obtain the uniqueness for all possible wave profiles. Thus, there is no non-monotone traveling wave when g is monotone.
